Abstract. Let A be a finite set of integers.
Linear polynomials constitute an important special case.
Problem 3. Let f (x 1 , . . . , x n ) = u 1 x 1 + · · · + u n x n and g(x 1 , . . . , x n ) = v 1 x 1 + · · ·+v n x n be linear forms with integer coefficients. Do there exist finite sets A, B, C of integers with |C| > 1 that satisfy (1)?
The interval of integers [a, b] is the set of integers {a, a + 1, a + 2, . . ., b}. For any integer u and sets A and B of integers, we define the dilation u * A = {ua : a ∈ A} and the sumset A + B = {a + b : a ∈ A and b ∈ B}.
If f (x 1 , . . . , x n ) = u 1 x 1 + · · · + u n x n is a linear form, then f (A) = u 1 * A + · · · + u n * A. Note that every two-element set is affinely equivalent to the set {0, 1}, and that every set A of integers with 1 < |A| < ∞ is affinely equivalent to a set A ′ such that 0 ∈ A ′ and A ′ \ {0} is a set of relatively prime positive integers. The following theorem implies that Problem 3 is equivalent to Problem 2 in the case of linear forms. Theorem 1. Let f (x 1 , . . . , x n ) and g(x 1 , . . . , x n ) be linear forms with integer coefficients, and let A and C be finite sets of integers such that |f Proof. Let f (x 1 , . . . , x n ) = n i=1 u i x i and g(x 1 , . . . , x n ) = n i=1 v i x i be linear forms with integer coefficients, and let A be a finite set of integers. We define m f,g (A) = max (|s| : s ∈ A ∪ f (A) ∪ g(A)) , and choose an integer
Sets of integers
and so a 1 = a 2 and
The identity
If
it again follows that s 1 = s 2 , s
, and
Similarly,
The Theorem follows by iterating this construction.
In the case of binary linear forms, we write f (x, y) = ux + vy instead of f (x 1 , x 2 ) = u 1 x 1 + u 2 x 2 . We are interested only in the cardinality of the image of f (x, y) on a finite set A of integers. We shall always assume that uv = 0. If
Thus, we can assume that (u, v) = 1. Similarly, if h(x, y) = vx + uy, then |f (A)| = |h(A)|, and so we can assume that |u| ≥ |v|. Finally, if ℓ(x, y) = −ux − vy, then |f (A)| = |ℓ(A)|, and we can assume that u > 0. Therefore, it suffices to consider only binary linear forms f (x, y) = ux + vy that have been normalized so that u ≥ |v| ≥ 1 and (u, v) = 1.
Problem 4. Let f (x, y) = u 1 x + v 1 y and g(x, y) = u 2 x + v 2 y be normalized binary linear forms with nonzero integer coefficients (u 1 , v 1 ) = (u 2 , v 2 ). Do there exist finite sets of integers A and B such that |f (A)| > |g(A)| and |f (B)| < |g(B)|?
In this paper we shall prove that the answer to the question in Problem 4 is "yes".
Pairs of binary linear forms with
In this section we prove that if f (x, y) = u 1 x + v 1 y and g(x, y) = u 2 x + v 2 y are normalized binary linear forms with u 1 ≥ 2, u 2 ≥ 2, and (u 1 , v 1 ) = (u 2 , v 2 ), then there exist finite sets A, B, C of integers such that |f (A)| < |g(A)|, |f (B)| > |g(B)|, and |f (C)| = |g(C)|. It follows from (i) that |{x 1 , y 1 , x 2 , y 2 }| > 2 and so
There are three possibilities: Either
In the first case, a 2 = a 3 , which is absurd. In the second case, we have
Since (u, v) = 1, there exists an integer r such that
Since 0 ∈ A ′ , it follows that r divides each integer in A ′ , and so r = ±1. If a 1 = 0, then r = −1, a 2 = u, a 3 = v = |v|, and A ′ = {0, |v|, u}. If a 2 = 0, then r = 1,
and there is an integer r = ±1 such that
Since the two sets {0, |v|, u} and {0, u − |v|, u} are affinely equivalent, and the two sets {0, u, u + |v|} and {0, |v|, u + |v|} are also affinely equivalent, it follows that the sets {0, |v|, u} and {0, u, u + |v|} are, up to affine equivalence, the only possible solutions of |f (A)| ≤ 8 with |A| = 3.
We shall prove that if u ≥ 3, then |f (A)| = 8 for both these sets. Let v > 0 and
We have
, which is false, and so f (A)| = 8. The case u ≥ 3 and v < 0 is similar. This proves (ii). If u = 2, then v = ±1 and f (x, y) = 2x ± y. Up to affine equivalence, the sets A with |f (A)| ≤ 8 are {0, 1, 2} and {0, 1, 3}. For these sets, |f ({0, 1, 2})| = 7 and |f ({0, 1, 3})| = 8. This proves (iii).
To obtain (iv), we observe that the binary linear forms f (x, y) = ux + vy and g(x, y) = ux − vy generate the same exceptional sets, and so |f (A)| = |g(A)| whenever |A| = 3. This completes the proof.
be a nonzero homogeneous polynomial with integer coefficients. Let j be the largest integer such that c j = 0. If u and v are relatively prime nonzero integers such that
We call c j the last coefficient in the polynomial F (x, y).
Proof. If
and so u divides c j v j . Since (u, v) = 1 and c j = 0, it follows that u divides c j and so |c j | ≥ |u|.
g(x, y) = u 2 x + v 2 y be normalized binary linear forms with 
We list the elements of the set f (A) = {ux + vy : x, y ∈ A} in the following table:
The number u 3 + u 2 v occurs three times in this table, and so |f (A)| ≤ 14. By Lemma 1, if two numbers in the table are equal for positive integers u and v with u ≥ 3 and (u, v) = 1, then the difference of the two numbers is an expression of the form F (u, v), where F (x, y) is a homogeneous polynomial of degree 3 with last coefficient at least 3. Since 1 ≤ v < u, the numbers in the table are increasing from left to right in each row and from top to bottom in each column. The following 10 numbers in the set f (A) are strictly increasing:
The four other numbers in f (A) satisfy
Comparing numbers among the three chains of inequalities, we see that there is no difference with last coefficient greater than 2, and so |f (A)| = 14. Consider now the set g(A) = {ux − vy : x, y ∈ A}, whose elements we list in the following table:
The
The other four numbers satisfy
Indeed, there is no pair of expressions in the table whose difference has last coefficient greater than 2, and so |g(A)| = 13. Finally, we consider the sets f (B) and g(B):
In the table for f (B), the numbers u 3 , u 3 − uv 2 , and u 3 + u 2 v − uv 2 occur twice, and so |f (B)| ≤ 13. In the table for g(B), the number u 3 − u 2 v occurs three times, so |g(B)| ≤ 14. In neither table is there a pair of numbers whose difference has last coefficient greater than 2, and so |f (B)| = 13 and |g(B)| = 14. This completes the proof. If A is an arithmetic progression of length t ≤ u, then |f (A)| = |g(A)| = t 2 .
Proof. Since an arithmetic progression of length t is affinely equivalent to the interval [0, t − 1], it suffices to consider the sets A t = [0, t − 1] for t = 1, . . . , u. If x 1 , x 2 , y 1 , y 2 ∈ A t and ux 1 + vy 1 = ux 2 + vy 2 , then u(x 1 − x 2 ) = v(y 2 − y 1 ). Since (u, v) = 1, it follows that u divides y 2 − y 1 . Since |y 2 − y 1 | < t ≤ u, it follows that y 1 = y 2 , and so x 1 = x 2 . Thus, every element in f (A t ) has a unique representation in the form ux + vy, and |f (A t )| = t 2 . The proof that |g(A t )| = t 2 is similar.
3. The pair of linear forms ux + vy and x − y Let u and v be relatively prime positive integers with u > v, and consider the linear forms f (x, y) = ux + vy and d(x, y) = x − y.
Proof. Let
Then A = {a 0 , a 1 , a 2 , a 3 , a 4 }, and a 0 < a 1 < a 2 < a 3 < a 4 .
Since |A| = 5, we have |f (A)| ≤ 25 and |d(A)| ≤ 21. To show that |f (A)| ≤ 19, it suffices to give six different integers, each of which has two distinct representations in f (A). Here they are:
A straightforward calculation shows that n 1 < n 2 < n 3 < n 4 < n 5 < n 6
and so |f (A)| ≤ 19. Next we prove that |d(A)| = 21. Let D = {a j − a i : 0 ≤ i < j ≤ 4}. It suffices to prove that |D| = 10. If v = 1, then A = {1, 1 + u, 1 + u + u 2 , 1 + u + u 2 + u 3 } is a Sidon set and |D| = 10.
Suppose that v ≥ 2. Since u > v and a 0 = 0, we have
There are three cases.
Case (a 2 ): Since
and v = 1. This completes the proof.
The pair of linear forms ux + vy and x + y
In Section 2 we solved Problem 4 for pairs of normalized binary linear forms f (x, y) = u 1 x + v 1 y and g(x, y) = u 2 x + v 2 y with u 1 , u 2 ≥ 2. In Section 3 we solved the case f (x, y) = ux + vy with u ≥ 2 and d(x, y) = x − y. The remaining case is f (x, y) = ux + vy with u ≥ 2 and s(x, y) = x + y.
For example, consider the form f (x, y) = 2x + y. We have
We shall construct a set A with |f (A)| < |s(A)|. Start by defining the four sets: The linear form f (x, y) = 2x + y is a special case. In general, we do not have an algorithm to construct finite sets A of integers such that |f (A)| < |s(A)| for an arbitrary normalized bilinear form f (x, y) = ux + vy with u ≥ 2. However, such sets do exist. In the following sections we shall show that, associated to the form f (x, y) = ux + vy, there is an infinite set M of positive integers with the property that, for each m ∈ M, there is a set of congruence classes R m ⊆ Z/mZ such that s(R m ) = Z/mZ and f (R m ) Z/mZ. From the sets R m we construct a finite set A of nonnegative integers such that |f (A)| < |s(A)|. Thus, we combine local solutions of the inequality to construct a global solution.
A local to global criterion for pairs of linear forms in n variables
Lemma 2. Let f (x 1 , . . . , x n ) be a polynomial with integer coefficients. Let m 1 , . . . , m r be pairwise relatively prime positive integers, and m = m 1 · · · m r . Let R mi be a set of congruence classes modulo m i for i = 1, . . . , r. Let R m be the set of all congruence classes a + mZ such that a + m i Z ∈ R mi for i = 1, . . . , r. Then
Proof. This follows from the Chinese remainder theorem.
Lemma 3. Let f (x 1 , . . . , x n ) = u 1 x 1 +u 2 x 2 +· · · u n x n be a linear form with integer coefficients, and let
Let R m be a set of congruence classes in Z/mZ, and let A be the set of integers that consists of the least nonnegative element of each congruence class in R m . Then
Proof. The triangle inequality implies that
for all integers a 1 , . . . , a n . Since
The lower bound in (2) follows from the fact that f (A) contains at least one element of every congruence class in f (R m ). The upper bound in (2) follows from the fact that the interval
] contains at most 2h f members of any congruence class modulo m.
be a set of pairwise relatively prime integers such that m i ≥ 2 for all m i ∈ M . If for every m i ∈ M there exists a nonempty set R mi of congruence classes in Z/m i Z such that
then there is a finite set A of integers such that
Since the infinite product (3) diverges to 0, there is an integer r such that
Let m = m 1 · · · m r and let R m be the set of all congruence classes a + mZ such that a + m i Z ∈ R mi for i = 1, . . . , r. By Lemma 2,
Let A be the set of integers that consists of the least nonnegative element in each congruence class in R m . By Lemma 3 we have
This completes the proof.
be a set of pairwise relatively prime positive integers such that m i ≥ 2 for all m i ∈ M and
If for every m i ∈ M there exists a nonempty set R mi of congruence classes in
The divergence of the infinite series
and the result follows immediately from Theorem 7.
We can restate Theorem 8 as follows.
If for every m i ∈ M there exists an integer q mi and a finite set A mi of integers such that (i) f (a 1 , . . . , a n ) ≡ q mi (mod m i ) for all a 1 , . . . , a n ∈ A mi , and (ii) for every integer q the congruence g(a 1 , . . . , a n ) ≡ q (mod m) is solvable with a 1 , . . . , a n ∈ A mi , then there is a finite set A of integers such that
6. An application of quadratic reciprocity Theorem 10. Let p be a prime number such that p ≡ 1 (mod 4) and p > 5, and let
be the set of quadratic residues modulo p. Let s(x, y) = x + y and d(x, y) = x − y.
Proof. Let a ∈ Z. In the finite field F p = Z/pZ, consider the sets
and Y = {a − y 2 + pZ : y = 0, 1, . . . , (p − 1)/2}.
Since |X| = |Y | = (p+1)/2, it follows from the pigeonhole principle that X ∩Y = ∅, and so there exist integers x and y such that
We must show that if p ≡ 1 (mod 4) and p > 5, then this congruence can always be solved with integers not divisible by p. Let (a|p) denote the Legendre symbol modulo p. For primes p ≡ 1 (mod 4), we have (−1|p) = 1, and there is an integer w such that (w, p) = 1 and
Thus, we only have to consider congruences of the form (4) with a ≡ 0 (mod p). Moreover, we can assume that a is a quadratic residue modulo p, since, if x ≡ 0 (mod p), then y 2 ≡ a (mod p). We begin with the case a ≡ 1 (mod p). At least one of the integers 2, 3, 6 is a quadratic residue modulo p, since if (2|p) = (3|p) = −1, then (6|p) = (2|p)(3|p) = 1. There are three cases.
(i) If (2|p) = 1, then there is an integer r such that r 2 ≡ 2 (mod p) and so
(ii) If (3|p) = 1, then there is an integer s such that s 2 ≡ 3 (mod p) and so
(iii) If (6|p) = 1, then there is an integer t such that t 2 ≡ 6 (mod p) and so
Since p > 5,, there exist integers c and d not divisible by p such that
Theorem 11. Consider the binary linear form f (x, y) = ux + vy where u and v are integers not divisible by p. Let p be a prime number and let R p be the set of quadratic residues modulo p. Then pZ ∈ f (R p ) if and only if −uv is a quadratic residue modulo p,
, then there are integers k 1 and k 2 not divisible by p such that
and so
that is, −uv is a quadratic residue modulo p. Conversely, if −uv is a quadratic residue modulo p, then there is an integer z ≡ 0 (mod p) such that −uv ≡ z 2 (mod p) and so Let H be a subset of F p of cardinality n. We also use H to denote the characteristic function of H, that is, H : F p → C is the function defined by 
Theorem 13. Let f (x, y) = ux + vy, where u and v are integers not divisible by p. Let H be a subgroup of order n ≥ 2 of the multiplicative group F × p and let
Proof. Define the representation function r : F p → N 0 as follows. For every x ∈ F p , let r(x) denote the number of ordered pairs ( |Ĥ(x i )| 2 = p − n.
For every x ∈ F × p , there is an integer j ∈ {1, . . . , k} such that x ∈ x j H and H(x) =Ĥ(x j ). It follows that
We shall prove that if u ≥ 2, then there are infinitely many primes p such that 0 / ∈ f (H) and so f (H) and the polynomial g(x) = x k − a has a root in F p , and is, therefore, reducible. It follows that if g(x) is irreducible in F p [x], then 0 / ∈ f (H) and so |f (H)| = p − 1. The rational integer a = −u k−1 v is not a qth power for all sufficiently large primes q. By Lemma 4, the polynomial g(x) = x q − a is irreducible over Q. Let P be the set of primes p > q 4 such that p ≡ 1 (mod q) and g(x) is irreducible in F p [x]. The Chebotarev density theorem implies that the series p∈P 1/p diverges, and Theorem 15 now follows directly from Theorem 8. This completes the proof.
